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General

While transmitting load from floors and roof to the foundations,
frame members (beams and columns) of a RC frame structure
are subjected to one or more of the following load effects :
Axial Load (compression or tension), Flexure, Shear and Torsion

If all of these effects exist together in a RC frame member, Axial
and Flexure loads are considered as one set of effects in the
design process; whereas Shear and Torsion are considered as
another set of load effects.

It means that the design for Axial+ Flexure is not affected by Shear +
Torsion and vice versa.
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General

When frame members are designed for the effects of Axial and
Flexure loads (with or without shear + torsion) , following cases
are possible
Members subjected to Flexure Load only
In this case normal beam design procedures are followed.
Members subjected to Axial Load only
Pure compression member design procedures are used
Members subjected to Combined Axial and Flexure Loads

Interaction diagram procedures, considering Axial and Flexure effects
together, are used.

These cases will be discussed one by one in the next slides

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Tension

Compression s

(b) Cantilever beam

Compression | pad

Pure Flexure

axial compression

Pure Compression Axial + Flexure

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures




Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Reinforced Concrete
Members Subjected to
Flexure Load only
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Loading Stages Before Collapse

Beam Test

In order to clearly understand the behavior of RC members subjected

to flexure load only, the response of such members at three different
loading stages is discussed.

BEAM TEST VIDEO ‘
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Loading Stages Before Collapse

1. Un-cracked Concrete i Elastic Stage:

At loads much lower than the ultimate, concrete remains un-

cracked in compression as well as tension and the behavior of
steel and concrete both is elastic.

2. Cracked Concrete (tension zone) i Elastic Stage

With increase in load, concrete cracks in tension but remains un-

cracked in compression. Concrete in compression and steel in
tension both behave in elastic manner.
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Loading Stages Before Collapse

3. Cracked Concrete (tension zone) i Inelastic (Ultimate Strength)
Stage

Concrete is cracked in tension. Concrete in compression and steel
in tension both enters into inelastic range. At collapse, steel yields
and concrete in compression crushes.
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Loading Stages Before Collapse

Stage-1: Behavior

Compression zone

Strain Diagram t
Stress Diay Compressive Stress

Tension Zone

AThis is a stage where concrete is at the
verge of failure in tension.

/£ =f,=754,
Tensile Stress - -

Concrete stresstrain diagram
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Loading Stages Before Collapse

Stage-1: Calculation of Forces

Compression zone

fe = f = Mcll,
M=0.5fT (bT 0.5h) T (2/3 h) where ¢ = 0.5h
=161, T bl h? I = bh¥/12
f, = f, = 6M/(bh?) f, = f, = 6M/(bh?)
_ The contribution of steel is
At f, = f., where modulus of rupture, f, = 7.5 G.Nj ignored for simplification.

Cracking Moment Capacity, M, = f, T 1,/(0.5h) = (f. T b T h?)/6 [ oo B e

member will fail in tension.
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Loading Stages Before Collapse

Stage-2: Behavior

Compressiorzone
e, <0.003

.
Tension Zone
Concrete Cracked

Strain Diagram Stress Diagram

Compressive Stress
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Loading Stages Before Collapse

Stage-2: Calculation of Forces
Compressiorzone

C = 0.5f, 2 (bc)

Stress Diagram

In terms of moment CouapTE=QxM Ex0)
M =TI, =Af (dT c/3) (Yo bc=Ad
A = M/f(dT c/3) c=2Af/fb {wheref,=nf and n =EHE}
c=2Anb
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Loading Stages Before Collapse

Stage-3: Behavior

Compression zone

Strain Diagram

Tension Zone
Concrete Cracked

0.003

StressStrain Diagram for StressStrain Diagram for Concrete in
Reinforcing Steel in Tension Compression

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures




Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Loading Stages Before Collapse

Stage-3: Calculation of Forces

M

—T = Ady

Stress Diagram Equivalent Stress Diagram

terms of momentccgu*pptxeo)(XM(x:
M=Tl,=Ad, (di a/2) 0.85{ Wp=Af,
A = Mfi(dT a/2) a=Ad/0.85{Nj b
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Loading Stages Before Collapse

Stage-3: Calculation of Forces

A According to the strength design method (ACI 21.2), the nominal
flexural capacity of RC Members shall be calculated from the
conditions corresponding to stage 3.

A ACI code, R21.2.2 8 The nominal strength of a member that is subjected
to moment or combined moment and axial force is determined for the
condition where the strain in the extreme compression fiber is equal to the
assumed strain limit of 0.003, (i.e. strains at stage 3.)

A In other words, the member finally fails by crushing of concrete, even if
steel in tension has yielded well before crushing of concrete.
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Loading Stages Before Collapse

Stage-3: Calculation of Forces

A When concrete crushes at (l = 0.003, depending on the amount of
steel (A,) present as tension reinforcement, following conditions are possible

for steel strain (

= u/ Balanced Failure Condition, Brittle Failure
2. 0 <q Over reinforced condition, brittle failure
3. 4>( Under Reinforced Condition, Ductile Failure

A For relative high amount of tension reinforcement, failure may occur
under conditions 1 & 2, causing brittle failure. It is for this reason that ACI
code restricts maximum amount of reinforcement in member subjected to
flexural load only.
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Loading Stages Before Collapse

Stage-3: Calculation of Forces

A To ensure ductile failure & hence to restrict the maximum amount of
reinforcement, the ACI code recommends that for tension controlled sections
(Beams) Ul =( =0.005

$=057+678—

=048 + 83E,

Compression Transition Tension
-

controlled '-I'. controlied |

& =0.002 & = 0.005

Strain, 0.001
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Design of Solid Rectangular Members

Singly Reinforced:

Flexural Capacity
M, =Adf, (di a/2) [Nominal capacity]
UM =0Afdi a?) [Design capacity]
To avoid failure, t M, 0 M
Fora M,=M, 0 Af(dT a/2) =M, ;
A;=M/ {0 { (dT a/2)}and a= Af/0.85(:Njb

e.= 0.003

&="f/E I
Stress Diagram Equivalent Stress Diagram
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Design of Solid Rectangular Members

Singly Reinforced:

Maximum reinforcement (Agma):

From equilibrium of internal forces,
xF,=0 Y C=T
0.85fp =Af & é é é (a)

From similarity of triangles, in strain diagram

at failure condition,

e/ =i c)
c=dg/(Q + Q)
substituting a = b,;c , A, = J o b d and U= , in equation (a) yields;

} max = 0.85 by(f0) G/ (8 + )
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Design of Solid Rectangular Members

Singly Reinforced:

¢=057+676—

Maximum reinforcement (Agmay):

For ductility in Tension Controlled sections (Beams)

(1 = {=0.005 (ACI Table 21.2.2) i and——rt 5

£,=0.002 £,=0.005

and at failure = 0.003 (ACI R21.2.2),
c=d/(( + Q)Y c=0.375d and, a = b,c = b,0.375d

Therefore, when a = b,0.375d, A, = A, iN equation (a). Hence equation (a)

becomes,
Table 22.2.2.4.3—Values of B, for equivalent rect-

0.85f:;0.375db = Agp,f, angular concrete stress distribution

Aqmax = 0.31875b,bd f. ), & (b) feopsi 2
2500 =" <4000 085

0.05(—4000)

4000 < £' < 8000 0.85
1000

&'z 8000 0.65
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Design of Solid Rectangular Members

Singly Reinforced:
Maximum reinforcement (Agma):
Agmax = 0.31875 b, bd f Xfj, & (b)
For b, = 0.85; f.Nf 3 ksi; and f, =40 ksi
Agmax = 0.0203 bd; which means 2 % of effective area of concrete
b, =0.85; f.Nf 3 ksi ; and f, = 60 ksi

Agmax = 0. 0135 bd; which means 1.35 % of gross area of concrete
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Design of Solid Rectangular Members

Singly Reinforced:

Maximum flexural capacity ( M, a0:

kips) of singly orced RC rectal
specified material strength and dimensions (f.Nj *si 0 ksi)

M, for b=12 in M, for b=15 in M, for b=18 in
12 740 (2.32) 925(2.90) 1110(3.47)

i 2462(4.72
Assuming 18 1970(3.78) (4.72)
distance from
Centre of the 20 2511(4.27)
main bar to
outer tension 24 3790(5.24) 4738(6.55) 5585(7.56)
fiber=2.50

2955(5.67)

3139(5.33) 3767(6.40)

6201(6.71)

30 7751(8.38) 9301(10.06)

Note: The values in brackets represents A, in in?
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Design of Solid Rectangular Members

—v—]

[l

T
|

Singly Reinforced:

Flexural capacity at other strains

We know that the ductility requirement of ACI code does not allow us to utilize
the beam flexural capacity beyond G M,,... The code wants to ensure that
steel in tension yield before concrete crushes in compression.

However, if we ignore ACI code restriction, let see what happens.
We know that
c=dQ/(Q + Q) ; a= 0.85c ; A, = 0.85fMp/ f; M, = Adf(d i a/2) ; f, = EQ Of,,

For U, = 0.003 and assuming various values of  , we can determine A, and M,

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

13



Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Design of Solid Rectangular Members

Singly Reinforced:

Flexural capacity at other strains

Table 2: Flexural Capacity(M,) of 12 x 24 inch [d=21.50] RC beam
{ (infin) 0.0005 0.001 0.00137" 0.005™ 0.007
c (in) 18.43 16.13 14.76 b 8.06 6.46
A, (in?) 33.06 14.46 9.66 5 A g 5.24 4.19
f, (ksi) 14.5 29 39.73 40 40
M, (in-kips) 6551 6143 5846

* Yield strain for grade 40 steel
** ACI limit

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Design of Solid Rectangular Members

Singly Reinforced:
Flexural nominal capacity at other strains

Conclusions

At balance condition, Yield strain = 0.00137, M = 5856; we see no substantial
increase in capacity beyond this point i.e. with further increase in steel reinforcement,
or decrease in strain there is no appreciable increase in flexural capacity.

At ACI code limit of strain = 0.005, M = 3790; we see that there is considerable gap
between moment capacity at balance and moment capacity at ACI limit. Therefore if
ductility is not required, beam capacity can be further increased up to capacity at
balanced point.

However if ductility is also required, we can increase moment capacity (without
changing dimensions) only if we provide reinforcement in compression (doubly
reinforced).
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Design of Solid Rectangular Members

Singly Reinforced:

Minimum reinforcement (Agmin):

According to ACI 9.6.1.2, at every section of a flexural member
where tensile reinforcement is required by analysis, the area A
provided shall not be less than that given by } ,,b,d where, } ., iS
equal to 3a (f.\f, and not less than 200/f,.

!OiEiCE(I)'Q —(:)Q
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Design of Solid Rectangular Members

Doubly Reinforced
Background

We have seen that we can not provide tensile reinforcement in excess of
Agmax = 0.31875b,bd f ), , so there is a bar on maximum flexural capacity.

We can increase A

smax If We increase b, d, f.;Npr decrease f, .
If we ¢ a ndd either of these and provide reinforcement in excess of Ag, . .

concrete in compression may crush before steel in tension yields.

However if we provide this excess reinforcement also on compression side so
that the compression capacity of concrete also increases, we would be able to
increase the flexural capacity of the member. In this case the member is called
doubly reinforced.

In other words the range of A, is increased. In such a case

smax

Agmax = 0.31875b,bd f i, + compression steel.

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures
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Design of Solid Rectangular Members

Doubly Reinforced

Flexural Capacity

Consider figure d and e, the flexural capacity of doubly reinforced beam
consists of two couples:

The forces Af, and 0.85fldp provides the couple with lever arm (d 7 a/2).
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Design of Solid Rectangular Members

Doubly Reinforced

Flexural Capacity

The total nominal capacity of doubly reinforced beam is therefore,
Mn = Mnl + MnZ = Asfy (d i alz) + ASW i dm]

>
-

NN
NN
NN
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Design of Solid Rectangular Members

Doubly Reinforced

Flexural Capacity

Factored flexural capacity is given as,

. Where, 0 Af, (d7 a/2) is equal to 0 Mynax singly) FOr As = Agmax

> Therefore, Mu =a Mmax (singly) +0 Aéw i dNJ

s {Mu ia M1max (singly)} =u &W T dNJ

> AS’\# {Mu [ '\41max (singly)}/ {D U\(Fj T dN‘ éee.e.. (g) ; Where, fsmfy
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Design of Solid Rectangular Members

Doubly Reinforced

] ] C. = Compression force
Maximum reinforcement due to concrete in

conlfression region,
C.+Cs= T C, = Comfression force

O.85chja MSWJ Asrtfy in steel in compression

region needed to

a.c= 0.9% x 0.375d balance the tension

For A force in addition to the

max

Ast will become Astmax tension force provided
by Asmax (singly)*
0.85f,Nj.375db + ANIj Az,
- Agmax = 1®31875bdf Nj/+ ANJKi/

> Astmax = Asmax (singly) + Asl\gﬁy
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Design of Solid Rectangular Members

Doubly Reinforced

Maximum reinforcement

Prof. Dr. Qaisar Ali

Astmax = Asmax (singly) + ASWL

The total steel area actually provided A, as tension reinforcement
must be less than Ay, in above equation i.e. Ay O Ay

Astmax singly ) 1S @ fixed number, whereas A(Njis steel area actually
placed on compression side. (For more clarification, see example)

Note that Compression steel in the above equation may or may not yield
when tension steel yields.
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Design of Solid Rectangular Members

Doubly Reinforced

Prof. Dr. Qaisar Ali

. ()
For tensile steel strain () = ) = 0.005 (for under reinforced behavior):
¢ =0.375d

Substituting the value of c in egn. (h), we get,
(N§ 0, (0.375d i d)j0.375d = (0.003 i 0.008dMj) é é é é é .é .. (i)

Equation (i) gives the value of (Njor the condition at which reinforcement on
tension side is at strain of 0.005 ensuring ductility.

CE 5115 Advance Design of Reinforced Concrete Structures
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Design of Solid Rectangular Members

Doubly Reinforced

Conditions at which f,Nf f, when tension steel yields.

Substituting UN§ (,in equation ().
dig = (0.003 - J)/0.008 6 € 6 & .6 & 6 .6 . (K)

Equation (k) gives the value of diXj that ensures that when tension steel is at a
strain of 0.005 (ensuring ductility), the compression steel will also be at yield.

Therefore for compression to yield, dij should be less than the value given by
equation (k).

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Design of Solid Rectangular Members

Doubly Reinforced

Conditions at which f,Nj f, when tension steel yields.

Table 3 gives the ratios (di{j) and minimum beam effective depths (d) for
compression reinforcement to yield.

For grade 40 steel, the minimum depth of beam to ensure that
compression steel will also yields at failure is 12.3 inch.

Table 3: Minimum beam depths for compression reinforcement to yield

Minimum d for d' =

Maximum d'/d 2.5 (in.)

0.2 12.3
0.12 215
0.05 48.8
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Design of Solid Rectangular Members

Doubly Reinforced
Example

Design a doubly reinforced concrete beam for an ultimate flexural
demand of 4500 in-kip. The beam sectional dimensions are restricted.
Material strengths are f.Nj 3 ksi and f, = 40 ksi.
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Design of Solid Rectangular Members

Doubly Reinforced

Solution:
Step No. 01: Calculation of U M, (singly)
} max (singly = 0-0203
Asmax (singly) =  max (singiyPd = 4.87 in?
0 Myax (singlyy = 2948.88 in-kip
Step No. 02: Moment to be carried by compression steel
My extra) = My T O Mymax (singly)

=450071 2948.88 = 1551.12 in-kip

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures
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Design of Solid Rectangular Members

Doubly Reinforced
Solution:
Step No. 03: Find U Nand f.Nj

From table 2, d = 20np> 12.3njand for dNf 2.5njdig is 0.125 < 0.20 for grade 40
steel. So compression steel will yield.

Stress in compression steel f,N f,
Alternatively,
- (@)
(N§ (0.003 7 0.008 x 2.5/20) = 0.002 > U}, = 40/29000 = 0.00137

As N greater than L; so the compression steel will yield.
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Design of Solid Rectangular Members

Doubly Reinforced

Solution:
Step No. 04: Calculation of A,Ngnd Ag,.
ANF Myexray/{0 08 T dY=1551.12/{0.90x40x%(201 2.5)}= 2.46 in2
Total amount of tension reinforcement (Ay) is,
Agt = Agmax (singly) + ANj4.87 + 2.46 = 7.33 in2
Using #8 bar, with bar area A, = 0.79 in?
No. of bars to be provided on tension side = A,/ A,=7.33/0.79 = 9.28
No. of bars to be provided on compression side = AJN}A,=2.46/ 0.79 = 3.11

Provide 10 #8 (7.9 in? in 3 layers) on tension side and 4 #8 (3.16 in?in 1
layer) on compression side.

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures
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Design of Solid Rectangular Members

Doubly Reinforced

Solution:

Step No. 05: Ensure that dMjl < 0.2 (for grade 40) so that selection of bars
does not create compressive stresses lower than yield.

With tensile reinforcement of 10 #8 bars in 3 layers and compression
reinforcement of 4 #8 bars in single layer, d = 19.625nand dNj 2.375

dig = 2.375/ 19.625 = 0.12 < 0.2, OK
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Design of Solid Rectangular Members

Doubly Reinforced

Solution:
Step No. 06: Ductility requirements: A, O Ay

A, , which is the total steel area actually provided as tension reinforcement must
be less than Agax -
Aslmax = Asmax (singly) + As'\gﬂy
Astmax (singly) 1S @ fixed number for the case under consideration and ANj
steel area actually placed on compression side.
Agmax singlyy = 4-87in? ; ANNj = 0.49=3.16in? . Ay, = 4.87 + 3.16 = 8.036 in?
Ay =7.9in2
Therefore A =7.9in2 <A

'stmax

OK.

stmax
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Design of Solid T Members

Difference between T-beam and T-beam Behavior

Neutral
‘ axis

. - ‘Neutr:{l
A'J

] - - ]

AX1S

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Design of Solid T Members

Flexural Capacity

b
[-——=b-b )2

To= Ay fy

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures
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Design of Solid T Members

Flexural Capacity
Ay=0.85f X i b,)h/f,

b (© W

Ay, is the steel area which when stressed to fy, is required to balance the longitudinal

compressive force in the overhanging portions of the flange that are stressed uniformly at
0.85f.Nj

UMy = 0A, (dT hi2)
A, =0My, /0 f,(d7 a/2) = (M, i aMy)/a f,(di a/2)
a = Af/ (0.85f, 4,

A, represents the steel area which when stressed to f,, is required to balance the
longitudinal compressive force in the rectangular portion of the beam.

Total steel area required (Ay) = Ag + Ag

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Design of Solid T Members

Flexural Capacity (Alternate Formulae)
uM=M=0Af dTi X
Ag=My/ {0 § (i x)}
x ={b,a2/2 + (b b,)h2/2} {b,a+ (bi b,)h}

a={A4f, 7 0.85fNj (bh)h}/0.85f,Njp

b
——F b2
-
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Design of Solid T Members

Ductility Requirements
T=C,+C, [xF,=0]
A4f, = 0.85fNjg, b 0.85fNj(i Ib,)h;
Aqf, = 0.85fNjg, b A,
For ductility ( = () = 0.005 (ACI Table 21.2.2),
a=a,,= ® 30.3B5d, and A, will become Ay Therefore,
Asima,= 0.85TNjB.375db,, + Af,
Asima,= 0.85T,NjB.375db,, + Af,

Aslmax = 0.3 %(%Wa bW B Asf OR Astmax = Asmax (singly) + Asf
So, for T-beam to behave in a ductile manner Ag; provided OA max
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Design of Solid T Members
Calculation of Effective Flange Width (b;) (ACI 6.3.2.1)

!
P

]

Flange
Web or Stem

(. Sw

Least of the above values is selected

Where b,, is the width of the beam, h is the slab thickness, s, is the clear distance to the
adjacent beam and §, is the clear length of beam.
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Design of Solid T Members
Calculation of Effective Flange Width (b;) (ACI 6.3.2.1)

! Effective Flange Width

|
by / by

%// 7 . / /7/m
Flange

Web or Stem

b,

Least of the above values is selected

Where b,, is the width of the beam, h is the slab thickness, s, is the clear distance to the
adjacent beam and 3§, is the clear length of beam.
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Design of Solid T Members

Example 03

Design a beam to resist a factored moment equal to 6500 in-kip. The
beam is 12njwide, with 20njeffective depth and supports a 3njslab. The
beam is 25Njong and its c/c distance to next beam is 4 ft. Material
strengths are f.Nj 3 ksi and f,, = 40 ksi.
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Design of Solid T Members

Example Solution:
Span length (I) = 25Nj
d =20njb,, = 12njh; = 3nj
Effective flange width (by) is minimum of,
b,+ 16h; =12 + 16 x 3 = 60n]
b,* s, =12 + 3 x 12 = 48nj
b,* /4 =12 + (25 x 12/4) = 87n]

Therefore, b; = 48nj
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Design of Solid T Members

Example Solution:
Check if the beam behaviour is T or rectangular.
Leta =h;=3nj
A, =M,/0 {(d i a/2) = 6500/{0.90 x 40 x (20§ 3/2)} = 9.76 in?
a = Af,/(0.85fj) = 9.76 x 40/ (0.85 x 3 x 48) = 3.20np h;

Therefore, design as T beam.
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Design of Solid T Members

Example Solution:
Design:

We first calculate A;, the steel area which, when stressed to fy, is required
to balance the longitudinal compressive force in the overhanging portions
of the flange that are stressed uniformly at 0.85f_Nj

Ay = 0.85fNp i b,) hf,
=0.85x 3 x (4871 12) x 3/40 = 6.885 in?
The nominal moment resistance ( A M), provided by A is,

A My=nAAf {dT h/2} =0.9 x 6.885 x 40 x {201 3/2} = 4585.41 in-kip
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Design of Solid T Members

Example Solution:
Design:

The nominal moment resistance ( A M), provided by remaining steel A is,
A M,=M,T A M,; =65007 4585.41 = 1914.45 in-kip

Leta=0.2d = 0.2 x 20 = 4nj

A=A Mo/ {n §(di a/2)}=1914.45/{0.9 x 40 x (201 4/2)}= 2.95 in2
a = ASf,/(0.85f Mj,) = 2.95 x 40/(0.85 x 3 x12) = 3.90n]

This value is close to the assumed value of i a Therefore,

Ay = Ay + A, =6.885 +2.95=9.84in? (13 #8 Bars)
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Design of Solid T Members

Example Solution:
Ductility requirements, (A = Aq+ Ay) OAgmax
Astmax = Asmax (singly) + Asf

=4.87 +6.885=11.76 in?

A=A+ Ay=13x0.79=10.27in2< 11.76 O.K.
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Design of Solid T Members

Example Solution:
Ensure that Ay, > Agmin
A, =10.27 in2
Asmin =} minbwd
} min = 38 (I, O2001f,
38 (M, = 3 x & 3000)/40000 = 0.004
200/f, = 200/40000 = 0.005

} min=0.005; A, =0.005 x 12 x20 = 1.2 in? < A, O.K.
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Design of Solid T Members

Example Solution:
Design:
We design the same beam by alternate method.
Trial 01:
Assume a = h; = 3nj
x ={b,a%2 + (b;i b,)h?/2} {b,a+ (b1 b,)h}
= {12x32/2+(48 1 12)x3%/2}/ {12x3+ (48 1 12)x3} = 1.5n;

Ay =M,/ {0 § (d7 X)} = 6500/ {0.90 x 40 x(20i 1.5) = 9.76 in?
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Design of Solid T Members

Example Solution:
Design:
Trial 02:
a={Ayf, i 0.85{;Njpi b,)hg/0.85f MNj,
={9.76 x 407 0.85x3x(4871 12)x3}/ (0.85%x3x12)= 3.76n;j
x = {12x3.762/2+(48 1 12)x32/2}/ {12x3.76+ (48 i 12)x3} = 1.61nj

A = 6500/ {0.90 x 40 x (20§ 1.61)} = 9.81 in2
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Design of Solid T Members

Example Solution:
Design:
Trial 03:
a={9.81x 401 0.85x3x(4871 12)x3}/ (0.85x3x12)= 3.83nj
x = {12x3.83%/2+(48 1 12)x32/2}/ {12x3.83+ (48 i 12)x3} = 1.62nj
A, = 6500/ {0.90 x 40 x (207 1.62)} = 9.83in?, O.K.

This is same as calculated previously for T-beam.

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Design of Hollow Rectangular Members

Flexural Capacity

he'2

Tz
Clz 0‘85fcyhﬁh1- CE: 0.85fc’a(b -h])

+

T=Auf, T=Aof,
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Design of Hollow Rectangular Members

Flexural Capacity

Aq; =0.85fNi/f,

A, represents the steel area which when stressed to f,, is required to balance the
longitudinal compressive force in the rectangular portion of the area b,h; that is stressed
uniformly at 0.85f.Nj

0 My = 0ALf, (dT hy2)
A =M, /0 f, (di a/2) = (M, T GM,)/a f, (d7 a/2)
a = Af,/ {0.85f, 1 - by)}

A,, is the steel area which when stressed to f,, is required to balance the longitudinal
compressive force in the remaining portion of the section that is stressed uniformly at
0.85f.Nj

Total steel area required (Ay) = Ag; + A,
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Design of Hollow Rectangular Members

Flexural Capacity (Alternate Formulae)
uM=M,=0Af W7 X
Ag=My/ {0 § (i x)}
x = {bh2/2 + (b i by)aZ2}/ {(b i by)a + b h}

a={Af, i 0.85f,Njjn}/0.85f,Nj(i )
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Design of Hollow Rectangular Members

Ductility Requirements

For summation of internal forces,

Aqf, = 0.85f.p 1 0.85f:Wj(ai hy)

For= 0. 00 5 x0.3%5d,we lhave A, = Astmax, hollow: therefore,
Astmax, hotiow = {0.85f 8P, x 0.375d 7 0.85f M},(0.375d i h)}/ f,
Astmax, hotiow = 0-319(f.Nj) fiod i 0.85(f:Nj)b,(0.375d 1 hy)
Asimax, hollow = Asmax (singly) T 0-85(f:Nj)b,(0.375d T hy)

So, for hollow beam to behave in a ductile manner:

Ast, provided OAstmax, hollow
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Design of Hollow Rectangular Members

Example

Design a beam to resist a factored moment equal to 2500 in-kip. The
beam has a hollow section with 12njwidth and overall depth of 24nj The
hollow part inside the section is 4njwide and 16njdeep. Material strengths
are f;Nf 3 ksi and f, = 60 ksi.

12nj
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Design of Hollow Rectangular Members

Example Solution
h = 24njd = 21.5nfassumed)
b =12nj
b, = h; = 4nj
Check if the beam behaviour is rectangular or hollow rectangular.
Leta = h; = 4n;j
A;=M,/G {(d T a/2) = 2500/{0.90 x 60 x (21.57 4/2)} = 2.37 in2
a = A /(0.85f ) = 2.37 x 60/ (0.85 x 3 x 12) = 4.65np> h;

Therefore, design as hollow beam.
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Design of Hollow Rectangular Members

Example Solution
First calculate A,
A, = 0.85f Wjh/f,
=0.85x 3 x 3 x4/60=0.51in?
The nominal moment resistance ( A ), provided by A, is,
A My = Agf,{di hf2}=0.9x0.51 x 60 x{21.51 4/2} = 537.03 in-kip
The nominal moment resistance ( A M), provided by remaining steel A,
is,

A My=M,i A M, =25007 537.03 = 1962.97 in-kip

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

34



Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Design of Hollow Rectangular Members

Example Solution

Leta = 4nj

Agp=A Mo/ {n §(dT a/2)} = 1962.97/{0.9 x 60 x (21.51 4/2)} = 1.86 in?

a=Ayf,/{0.85(Np i b,)}=1.86 x 60/{0.85 x 3 x (121 3)} = 4.86n
This value is close to the assumed value of i a Therefore,

A =Ay, + A, =051+ 1.86=2.37in2

Using #8 bar, with bar area A, = 0.79 in?

# of bars = A,/ A, = 2.37/0.79 = 3 bars
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Design of Hollow Rectangular Members

Example Solution
Ductility reqUirementsf (Ast) provided <Astma><, hollow
Astmax, hollow = Asmax (singly) i 085(fcw.!/)b0(0375d T hf)
=3.4817 0.85 x (3/60) x 3 x (0.375 x 21.51 4) = 2.96 in?

Therefore, Ag = 2.37in2<2.96 in? O.K.
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Design of Hollow Rectangular Members

Example Solution
Design the same beam by alternate approach.
Trial 01:
Assume a = h; = 4nj
x ={b,h?2 + (b7 by)a?/2}/ {(b i b,)a + b,hy}
= {3x42/2+(121 3)x42/2}/ {(12i 3)x4 + 3x4} = 2nj

Ag =M/ {0 f (dT x)} = 2500/ {0.90 x 60 x (2151 2)} = 2.37 in?
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Design of Hollow Rectangular Members

Example Solution
Design the same beam by alternate approach.
Trial 02:
a={Ayf, i 0.85f;Wjh}/0.851 Xt i b,)
={2.37 x 607 0.85x3x3x4}/{0.85%x3%(12 71 3)} = 4.87nj
X = {3x42/2+(121 3)x 4.872/2}/ {(12i 3)x4.87 + 3x4} = 2.34n]
A, = 2500/ {0.90 x 60 x (21.51 2.34)} = 2.41in2, O.K.

This is close to the value calculated previously for hollow-beam.
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Reinforced Concrete
Members Subjected to Axial
Compressive Loads
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Contents
Axial Capacity

Maximum Reinforcement Ratio

Example
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Axial Capacity

Consider a Rectangular Section

Nominal Axial Capacity is given as

Csl+ C52+Cs3+ Cc = Pn

Co =Ag "y

Coo =Ax*fs

Ces =A™ fs3

C.=A.*f,

Aa*fa + A ™ fo t Ag*fag + A" f. =P,
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Axial Capacity

The section will reach its axial capacity when strain in concrete reaches
a value of 0.003.

The yield strain values of steel for grade 40 and 60 are 0.00138 and
0.00207 respectively. Therefore steel would have already yielded at
0.003 strain. Hence f; =f,, = fi3="f,=f, and f; = 0.85 f.Nj

Let Ay + A+ A=Ay and A = AT A, Then
Ay f, +0.85 TR, T Ay) = P,

where A, = gross area of column section,

A, = total steel area

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

38



Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Axial Capacity

As per ACI code (22.4.2.2), the axial capacity for
Spiral Columns
0 Py max = 0.850 [0.85f R, T Ay) +f,Al]; @ =0.70
Tied Columns
0 Py max) = 0-800 [0.85f R, T Ag) +f,Al]; 0 = 0.65

The ACI factors are lower for columns than for beams, reflecting
their greater importance in a structure.

The additional reduction factors of 0.80 and 0.85 are used to
account for accidental eccentricities not considered in the analysis
that may exist in a compression member, and to recognize that
concrete strength may be less than f.Njnder sustained high loads.
(R22.4.2.1)
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Maximum Reinforcement Ratio

1 %AM,0 8 % (ACI: 10.6.1.1)

Practically, however reinforcement more than 6 % is seldom
used.
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Example

Designxh8d8amol umn for a factored
of 300 kips. The material strengths are f.Nj %si &d f, = 40 ksi.

1

8 nj
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Example

Solution
Nominal strength (O B,) of axially loaded column is:
u Pn = 0.80 QMQ;®ASI)8'Fg\thy}
Let Ay = 1% of A,

aP,=0.80x0.65 x {0.85 x 3 x (32471 0.01 x 324) + 0.01
x 324 x 40}

=492 kips > (P, = 300 kips), O.K.
Therefore, A, = 0.01 x 324 = 3.24 in?
Using 3/4n a(#6) {# 1/A5044i8% mm}
No.ofbars=AJA,= 3.24/ 0. 44 = 7.36 a
Use 8 #6 bars {8 #19 bars, 19 mm}
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Reinforced Concrete Members
subjected to Axial Compressive
Load with Uniaxial Bending
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Behavior of Columns subjected to Uniaxial Bending
Axial Capacity

Flexural Capacity

Design by Trial and Success Method

Alternative Approach

Interaction Diagram

Prof. Dr. Qaisar Ali CE 5115 Advance Design of Reinforced Concrete Structures

41



Department of Civil Engineering, University of Engineering and Technology Peshawar, Pakistan

Behavior of Columns subjected to
Uniaxial Bending

Shown in figure, is a vertical rectangular RC
member subjected to axial compressive load
P, at some eccentricity e, along x-axis of the
cross section causing moment M,,,.

Such a column is called uniaxial column.

The bending is called uniaxial bending
because the bending exists only about one
of the centroidal axis of the cross section.

B

e B,
M= Res

y
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Axial Capacity

P,=0P=0 (C,+C.i T) [xF=0]
=0 (0.85fMp + Agf T Agfsr)
= 0 {0.85f Mp+A,f, T A,fol € ..(1)
f,, = E {J =0.003E (ci dic Of,
f,=E (=0.003E (di c)/c Of,

Note: Negative sign with Ay, shows that
steel layer A, is under tensile
stresses.

4Jﬁf
SR
x—f—t — —I— —_— >
N | B> 0164,
. ®* | Mp=Hhex

—c
| Ea=0.003
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Flexural Capacity

M,=aM[ xM = 0 ] (about g
MU

= 0 x[(€2) 1 (@/2)} + Ayfy x {(W/2) T d Nj}
Asfsp x{d T (h/2)}] ot

With (di h/2)={hi d Njp/2} = {(h/2) 7 d Nj} o | ‘P“f’uw%
Vo= 0 xE082) T (@) + Aty x ((h2) 1 d Ny [
Aofox{(h2)T dNj} ] ééé(2a) L

‘ &:0,003

Note: All internal forces are in counter clockwise
sense to resist flexural demand caused by P,,.
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Flexural Capacity

M= 0 XE(€2) T (@/2)) + Ayl x {(W/2) T d Nj}
Aofox{(h/2)T dNj} ] ééé(2a)
With, C, = 0.85fNja b ;= A,=A

The equation (2a) becomes (2b) as:

M,= @[ ONja BHMAI(N/2)id Nij+{J ]
Where, f, = E#90.003E(ci d Nj) f, & O
f,= E®0.003EMdic) /fg O
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Flexural Capacity

It is important to note that equation (1) & (2b)
are valid for 2 layers of reinforcements only.

d ‘

P,=0{0.85f,Mp+A_f, i A,f,}é é é (1) | @
M,= 0d.425f p(hi a)+AJ{(h/2)i d)f,,+f.,)]é (2b) B = 016cA,

Muy= Rrex

For intermediate layers of reinforcement, the
corresponding terms with fi & shall be added in
the equations.
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Design by Trial and Success Method

As discussed in previous lectures, the singly reinforced flexural
member can be designed by trial and success method using
following formulae:

CA=M/{0 i a2} & a=Af/0.85f K

In the same way, equations (1) and (2b) may be used for design
of RC member subjected to compressive load with uniaxial
bending
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Design by Trial and Success Method

However unlike equations for beam where f; = f,, here we d o n 0 t
know values of f; and f,, But we do know that steel stress shall
be taken equal to or less than yield strength. Therefore
fq, = E { = 0.003E (ci dic Of,
f,, = E (J =0.003E (di c)/c Of,
Equation (1) can be now written in the following form
P, =0 {0.85fKjch + A.E x 0.003(ci d)ci AE x 0.003(di c)/c)}---(1)
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Design by Trial and Success Method

Equation (1) can be transformed into a quadratic equation to

obtain the value of fi cfar a particular demand P, and assumed

A
0 0.85f,\j;bc? + (0 174A, i P)ci G 87A,(di d)E O

However such approach will not be convenient because the

check that stresses in reinforcement layers f; and f, shall not

exceed f, can not be applied in the above equation.
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Design by Trial and Success Method

As an example, with M, = 40 ft-kip, P, = 145 kips, A, = 0.88 in?, f.Nf 3
ksi, b = h = 12njd = 9.5njand dN§ 2.5njfi ccomes out to be 6.08njfrom
quadratic equation.

For ¢ = 6.08njnow f; and f;, shall be Of,
f,=E [ =0.003E (ci dyc = 51 ksi ; greater than 40 ksi
f,=E (J =0.003E (di c)/c = 49 ksi ; greater than 40 ksi

It means that every time when we obtain value of ¢, we have to check
stresses in steel and only that value of ¢ will be used when fg, and fy,
are Of, .

Therefore this method of trial and success will not work in members subjected to
axial load and flexure together. We now look at another approach.
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Alternative Approach

Instead of calculating ¢, we assume c and calculate A P, and
A M, for a given set of data such as follows:

AP, = 0d.85f dp+ A.E x 0.003(c i d)ci AE x 0.003(d T c)/c)}
AM, =10 [0.425f Ifjc b (hT a) + A, {(h/2) T dNfs, + fs,)]

For A, = 0.88 in?, f.Ni 3 ksi, b = h = 12njd = 9.5njand dN§ 2.5nj,

all values in the above equations are known except i ¢ 0
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Alternative Approach

AP, and A M, are calculated for various values of fi cfrom O to h,
with the check that during calculations fy; and f,, do not exceed
f, for both equations.

AP, (kips) A M, (kip-ft)
= 12)

0 36.25
64.6 41.59
15S 43.09
185.3 36
12 252.64 19.44

Axial capacity 281 0
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Alternative Approach

Plot the values and check the

capacity of the column for the Hlove 4%
demand equal to M, = 40 ft-kip | ———
. 250 —
and P, = 145 kips
z 200 . SNy
;“: 150 Demand point X
® 0 (40,145)
:D X
0
0 10 20 30 40 50
4, (G
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Interaction Diagram

General:

For a column of known dimensions

and reinforcement, several pairs of P
and M from various values of fi ¢ ¢
using equations 1 and 2b can be
obtained and plotted as shown.
Such a graph is known as capacity
curve or interaction diagram.

Axial Farce

Bending Moment

Nominal and Design diagram are
given in the figure.
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Interaction Diagram

General:

If the factored demand in the form of

P, and M, lies inside the design
interaction diagram, the given
column will be safe against that

Axial Farce

demand.

Bending Moment
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Interaction Diagram

Important Features of Interaction
Diagram

Horizontal Cutoff: The horizontal
cutoff at upper end of the curve
at a value of Ui P, represents
the maximum design load
specified in the ACI 22.4.2.1 for

small eccentricities i.e., large Balanced

Axial Force

axial loads.

Bending Moment
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Interaction Diagram

Transition zonc

Spiral
$=0.567+ 667,
ey,

Important Features of Interaction P
Diagram: o

Other
$=0.483 + 83 3¢,

Linear Transition of O from 0.65
to 0.90 is applicable for § Of/E, o
to (J = 0.005 respectively.

Axial Force

Balanced
failure

Bending Moment
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Interaction Diagram

Development of Interaction
Diagram:

Interaction diagram can be

1) = Pure Compression
developed by calculation of
certain points as discussed

below:

Axial Load, P,

P, = 0.85f' (A, - A,) + f,A,
Point 01: Point representing

capacity of column when Moment, M,

concentrically loaded.

This represents the point for
which M, = 0.
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Interaction Diagram

Development of Interaction
Diagram:

Point02: c=h

Point 2 corresponds to
crushing of the concrete at
the compression face of the
section and zero stress at
the other face.

Axial Load, P,

Moment, M,
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Interaction Diagram

Development of Interaction
Diagram:

Point 03: ¢ = (h-dIjj

At Point 3, the strain in the
reinforcing bars farthest
from the compression face

Axial Load, P,

is equal to zero.

Moment, M,
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Interaction Diagram

Development of Interaction
Diagram:

Point 04: ¢ = 0.68d (Grade 40)

¢ =0.58d (Grade 60)

Point representing capacity of
column for balance failure
condition ({ = 0.003 and (= ().

ol
o
@
o
S
s
2

Moment, M,
c=d{Q @ +Q)
(. = 0.003
{ = 0.0013 (Grade 40)
{ = 0.0021 (Grade 60)
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Interaction Diagram

Development of Interaction
Diagram:

Point 05: ¢ = 0.375d

Point in tension controlled
region for net tensile strain
() = 0.005, and @ = 0.90,
(€ = 0.003).

(2,=0.005)> ¢,

Axial Load, P,

Moment, M,

c=d{W @ +Q}
(1 = 0.003

o

(= 0.005
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Interaction Diagram

Development of Interaction
Diagram:

Point 06: ¢ = 0.23d

Point on capacity curve for

which () >> 0.005 and
(1 = 0.003.

o
o
©
o
-
s
b
<

£>> 0.005
Moment, M,

c=d{Q (@ +Q}
(1 =0.003
(>> 0.005
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Interaction Diagram

Example: Develop interaction diagram for the given column.
The material strengths are f;Nf 3 ksi and f, = 40 ksi with 4 no.
6 bars.

P

12nj
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Interaction Diagram

Solution:
Design interaction diagram will be developed by plotting (06)
points as discussed earlier.

Point 1: Point representing capacity of column when
concentrically loaded: Therefore

0 P =0 [0.85f T Ay) +f,A]
= 0.65 x [0.85x3x(144 i 1.76) + 40 x 1.76] = 281.52 kip
aM=0
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Interaction Diagram

Solution:
Point2:c=h

¢ =12 njc =h); a=b,c=0.85x 12 = 10.2nj

fs2 = 0.003E (c i diyfc = 0.003x29000(12 i 2.25)/12 = 70.69 ksi > f,,

use f, = 40 ksi.

f;2 = 0.003E (d T c)/c =0.003x29000(9.75 1 12)/12 = -16.31 ksi< f,

Therefore, 0 B, =0 {0.85f.p + A, f,; T A}

= 0.65{0.85%3x10.2x12 +0.88x40+0.88x16.31} = 235.09 kip

0 M, =0 [0.425fMp (hT a) + A, {(h/2) T d)f; + fs)]
= 0.65[0.425x3x10.2x12x(12i 10.2)+0.88x{(12/2) i 2.25}(40-16.31)]
= 233.41 in-kip = 19.45 ft-kip
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Interaction Diagram

Solution:
Point3: c = (h-d Nj)
c=12-2. 25=9. 76=08mx9= 766 = 8. 29nj
f,, =0.003E (ci d Nj) / ¢ x290@D(9.050' 2.25)/9.75 = 66.92 ksi > f,,

use f, = 40 ksi.
fs2 = 0.003E (d i c)/c = 0.003x29000(9.75 i 9.75)/9.75 = 0 ksi< f,
Therefore, 0 B,= 0 { Nja B 5ff 1 Af,}

= 0.65{0.85x3x8.29x12 +0.88x40} = 187.77 kip
aM= 0 [ Njab?&hA {(h/2)i d Nj}, + TN
= 0.65[0.425x3x8.29x12x(12i 8.29)+0.88x{(12/2) i 2.25}(40)]
= 391.67 in-kip = 32.64 ft-kip
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Interaction Diagram

Solution:
Point 4: Point representing balance failure: The neutral axis for
the balanced failure condition is easily calculated from
¢ =d {4/ (G + )} with { equal to 0.003 and [ = 40/29000 =
0.001379, c = 0.68d

¢, = d {Q/ (@ + Q)} = 9.75 x 0.003/ (0.003 + 0.001379)
= 0.68d = 6.68npiving a stress-block depth;
a, = b,c, = 0.85 x 6.68 = 5.67n;
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Interaction Diagram

Solution:
Point 4: Balance failure: For the balanced failure condition, f, = f,.

f,, = 0.003E (c 7 d)c = 0.003x29000(6.68i 2.25)/6.68= 57.69 ksi > f,,

f,, = 0.003E (d i c)/c =0.003x29000(9.75 i 6.68)/6.68 = 40 ksi = f,

Therefore, 0 B, =0 {0.85f.dp + Af; T A}

= 0.65{0.85x3x5.67x12 +0.88x40i 0.88x40} = 112.77 kip
0 M =0 [0.425(Mp (hi a) + A, {(h/2) i d¥f, +f.)]
= 0.65[0.425x3x5.67x12x(12i 5.67)+0.88x{(12/2) i 2.25}(40 + 40)]

= 528.54 in-kip = 44.05 ft-kip
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Interaction Diagram

Solution:
Point 5: This point is in tension controlled region for which (J = 0.005, G = 0.90:

For = 0.005; ¢ = d {{/ (( + ()} = 9.75x {0.003/ (0.003 + 0.005)}
=0.375d = 3.66n]

a=b,c=0.85x3.66 = 3.11nj
fs2 = 0.003E (c i diyfc = 0.003x29000(3.66 i 2.25)/3.66 = 33.51 ksi < f,
f;, = 0.003E (d i c)/c = 0.003x29000(9.75 i 3.66)/3.66 = 144.76 ksi > f,,
use f, = 40 ksi.
Therefore, 0 P, =0 0.85fdp + Af, T A}
= 0.90{0.85x3x3.11x12 +0.88x33.511 0.88x40}= 80.50 kip

0 M,=0 [0.425f &b (hi a) + Ag {(h/2) T dNjf; + fs))]

= 0.90[0.425%3x3.11x12x(12i 3.11)+0.88x{(12/2) i 2.25}(33.51+40)]

=599 in-kip = 49.91 ft-kip
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Interaction Diagram

Solution:
Point 6: Point on capacity curve for which (>> 0.005:

Let § =2 x 0.005 = 0.01; ¢ = d {Q/ (G, + Q)} = 9.75x {0.003/ (0.003 + 0.01)}
=0.23d = 2.25nj

a=h,c=0.85x%2.25=1.91nj

f,, = 0.003E (c 7 di)c = 0.003x29000(2.25 i 2.25)/2.25=0<f,

f, = 0.003E (d i c)lc = 0.003x29000(9.75 i 2.25)/2.25 = 290 ksi > f,,
use fy:40 ksi.

Therefore, 0 B, =0 P.85f.dp + Af, T Afe,
=0.90{0.85%x3x1.91x12 +0.88x0 i 0.88x40} = 20.90 kip
G M, =0 [0.425f.Mp (hi a) + A, {(h/2) T dNf; + f))]
=0.90[0.425x3x1.91x12x(127 1.91)+0.88x{(12/2) i 2.25}0 +40)
= 384.16 in-kip = 32.01 ft-kip
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